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Abst rac t - -The  concept of inertial manifolds is implicitly based on the hypothesis ofinstantaneous 
adjustment of the small eddies to the large ones. In this article we remove this hypothesis and we 
introduce a concept of inertial manifold with delay (IMD), the delay time T allowing more flexibility 
for the adjustment of the small eddies to the large ones. We establish the existence of such manifolds 
which do not require a spectral gap condition. 
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1. INTRODUCTION 
Early results of J. Mallet-Paret [1] and C. Foias and R. Temam [2] show the existence of attractors 
of finite dimension for, respectively, some nonlinear evolution equation, and for the Navier-Stokes 
equations. Subsequently it was shown that most infinite dimensional dynamical systems associ- 
ated with nonlinear partial differential equations, possess as well an attractor of finite Hausdorff 
and fractal dimension; for general results see e.g., the books [3] and [4] and the references therein. 
Inertial manifolds and their approximations are other aspects of the finite dimensional behavior 
of infinite dimensional dissipative dynamical systems. When it exists, an inertial manifold (I.M.) 
is a finite dimensional smooth manifold which fully reproduces the dynamics of the initial system 
and which attracts all orbits at an exponential rate [5,6], (see also numerous references in [7]); the 
existence of I.M. depends on a restrictive hypothesis, namely the existence of a large gap in the 
spectrum of the underlying linear operator (the spectral gap condition) and I.M. are not known 
to exist for all dissipative systems which possess a finite dimensional attractor. Substitutes to 
I.M., when inertial manifolds are not known to exist or are not known explicitly, are the concepts 
of approximate inertial manifolds and exponential attractors [8]; let us recall in particular that  
approximate inertial manifolds play an important role in the development of new numerical 
algorithms adapted to the long term approximation of dissipative systems (see e.g., [9,10] and 
the references therein). 
The new concept hat we introduce here is the concept of inertial manifolds with delay (IMD). 
There are three motivations for this concept; firstly, like approximate inertial manifolds and 
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exponential attractors, I.M.D. do not require a spectral gap condition and they exist for fairly 
general dissipative systems of infinite dimension. A second motivation is related to computing; 
IMD are, in essence, the theoretical concept underlying aversion of the nonlinear Galerkin method 
proposed in [9] where the high frequency component of the flow remains frozen on some intervals 
of time (see also [11]). Finally a third justification of this concept could be in the physics of the 
phenomena described by these systems. There are indeed some indications that the "equilibrium" 
states corresponding to inertial manifolds (or to the related concept of slow manifold see e.g., 
[12-15]) may not exist so that the difficulty in proving a general result of existence of inertial 
manifold may not be only a mathematical one; we wonder whether IMD which allow a certain 
time for the small eddies to adjust are, with that respect, a more suitable concept than I.M. 
which require an instantaneous adjustment of the small eddies to the large ones. 
Let us recall that an I.M. is usually obtained as the graph of a function (I) : y --+ z = (I)(y), 
where u = y + z is a decomposition of u into its large and small scale components. An orbit lying 
on this manifold satisfies at each time 
z(t) = ~(y(t)), (1.1) 
showing, as indicated before, an instantaneous adjustment of the small eddies to the large ones. 
The IMD presented here produce a different ype of dynamics, namely a dynamics of the form 
z(t) = ¢(y(t),  z ( t  - T)), (1.2) 
where T > 0 is a fixed delay time. 
The article is organized as follows. In Section 1, we set the notations and present he general 
hypotheses. In Section 2, we state the main results, namely the existence of the function (I) 
in (1.2). Section 4 contains brief indications on the proof. 
2. ABSTRACT SETT ING 
We consider a nonlinear evolution equation, in a Banach space E, of the form 
du 
d---{ + Au = f(u),  u(0) = u0. (2.1) 
The operator A is linear and unbounded with a domain dense in E; f is a C 1 mapping from E 
to F, where E, F are two Banach spaces uch that E C F C $, the injections being continuous. 
We assume that for u0 c E, there exist a unique solution u = u(t) of (2.1), defined on R+, 
u E C(~+; E), and that the mappings S(t) : Uo --* u(t) from E to E define a continuous emigroup 
(S(t))t>_o. Another assumption is that f is globally Lipschitz from E to F; we denote by M its 
Lipschitz constant. This hypothesis eems to be very strong, but in practice, if the semigroup 
(S(t))t>o is dissipative, i.e., if any solution of (2.1) enters a fixed bounded set in E (the absorbing 
set) in a finite time, then it is possible to truncate the nonlinear term and then this setting applies 
to the modified equation (the so-called prepared equation; for the details see e.g., [16]). 
We also assume that the operator A generates a continuous emigroup of linear operators 
(e-At)t>o such that e-AtF  C E, t > 0, and that there exists a sequence (Pn)nEg of eigenprojec- 
tors of A satisfying (P,~A = APn, Qn = I - Pn): 
(e-Atpn)t>_O can be extended to a group (eAtPn)teR; (2.2) 
le-AtpnlE(F,E) < K)~n e-A"t, le-AtpnlE(E) < Ke  -~"~, for t _< 0; (2.3) 
r (1 ) [e-AtQnlZ(F,E) <_ K ~-j + A~ e --A"t, le-AtQn[ < Ke  -A ' t ,  for t > 0; (2.4) 
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here K > 0, a E [0, 1) and the sequences (An)heN, (An)n~N are such that: 
An 
An _> An _> 0, Vn, and ~ is bounded. 
These assumptions can be verified for numerous equations and, among others, the Navier- 
Stokes equations for incompressible fluids, the Kuramoto-Sivashinsky equation, and the Ginzburg- 
Landau equation. 
3.  MAIN  RESULT  
Let us fix n E N. For u a solution of (3.1), we write y = Pnu, z = Q~u. Then y, z satisfy the 
following coupled system of equations 
dy 
dt + Ay = Pnf(Y + z), dz - -  --~ + Az = Q~f(y + z). 
The motivation of the result below comes from nonlinear Galerkin methods (see [9]) in which, 
when the evolution of y is simulated, the term Pnf(Y + z) is split into Pnf(Y) and Pnf(Y + z) - 
Pnf(Y). The second term (which represents the interaction between small and large scales) is 
"frozen" on some interval of time. The problem is then to compute its value at the end of this 
interval of time without actually simulating the evolution z. 
THEOREM. There exist positive constants c1, c2, depending only on A, such that f i t  is such that 
MA~T <_ C1, 
then, for any Yo e PnE, Z--T E PnE, there exists a unique solution u of(3.1) defined in f -T ,  +oo) 
and satisfying: 
Pnu(O) -- Yo, Qnu( -T )  - - - -  Z-T. 
We set 
¢(Y0, Z-T) = Qnu(0); 
this defines a C 1 mapping (Y0, Z-T) ~ ¢(Y0, Z-T) from PnE × QnE into QnE, and for (y~, Zi_ T) C 
PnE x QnE, i = 1, 2: 
I¢(Y~, z~-T) - ¢(Y0:, Z~-T)tE --< c2(e-Ar~Fz~-~ - Z~-TIE + lY 1 -- Ygl~)" (3.1) 
In the version of the nonlinear Galerkin methods studied in [9] we compute an approximate 
value of z by using the equation of an approximate inertial manifbld. When an exact inertial 
manifold exists, it is theoretically possible to find its exact value. The above result states that 
this is always possible if we know the value of z at a past time and the assumptions are no 
stronger than those required to prove the existence of an approximate inertial manifold; we do 
not even need a lower bound on the dimension of y. We recall that the existence of exact inertial 
manifolds is known only under a very strong assumption: the spectral gap condition. Since the 
solutions of (3.1) axe unique, we clearly have 
Qn u(t) = ~(P~(t ) ,  Q~(t  - T)), t > T, 
if u satisfies (3.1). Hence the graph of ¢ describes all the solutions, this is different from an 
inertial manifold which only contains a certain type of solutions. 
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4. SKETCH OF  THE PROOF 
The proof is based on a fixed point argument in the space C([-T, 0]; QnE) endowed with the 
norm I~1~ = suPte[-T,0] et~tl~(t)]E, with a suitable # > 0 (see e.g., [17]). For ~ in C([-T, 0]; QnE), 
we define: 
T~(t) = e-a(T+t)Z_r + e-A(t-S)Qnf(y(s) + ((s))ds, 
T 
where y is the solution of: 
dy 
d-'-t + Ay = Pnf(Y + ~), y(O) = Yo. 
Using computations similar to those used in [16], Section 3, we can prove that T is a strict 
contraction. Its fixed point clearly gives the solution u of the theorem. The regularity of (I) 
is obtained thanks to the fiber contraction theorem and the estimate (4.1) by comparing the 
mappings associated to y~, Zl_T and y2, Z2T" 
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